Using a q-series identity of Carlitz and a q-analogue of Morley's congruence due to Pan, we give a proof of a q-congruence conjectured by Tauraso.
Introduction
Congruences on binomial sums have been widely studied. In 2010, among other things, Sun and Tauraso [8 (mod p), (1.1) where p is an odd prime and r is a positive integer. In the same year, Sun [7] further showed that the above congruence holds modulo p 2 . To continue the story of (1.1), we need the standard notation from [2] . The q-shifted factorial is defined by (a; q) n = (1 − a)(1 − aq) · · · (1 − aq n−1 ) for n 1 and (a; q) 0 = 1. The q-binomial coefficients n k are defined by
Moreover, the n-th cyclotomic polynomial Φ n (q) is defined as
where ζ is an n-th primitive root of unity. Still in 2010, the author and Zeng [4, Corollary 4.2] gave the following q-analogue of (1.1):
where n is a positive odd integer. In 2013, Tauraso [10] proved some qsupercongruences and conjectured that (1.2) is also true modulo Φ n (q) 2 for any odd prime n.
The aim of this paper is to confirm Tauraso's conjecture by establishing the following more general result. Theorem 1.1. Let n be a positive odd integer. Then
Recently, the author and Zudilin [5] developed a creative microscoping method to prove many complicated q-supercongruences by adding an extra parameter a. However, we are unable to prove (1.3) using this method, though it looks quite simple. Moreover, it is also difficult to generalize Sun's proof of (1.1) modulo p 2 to this q-analogue (1.3).
It is easy to see that, for odd n, Φ n (q 2 ) = Φ n (q)Φ n (−q). Therefore, the congruence (1.3) is equivalent to
since the left-hand side of (1.4) is an even function in q. We shall prove (1.4) using a transformation formula due to Carlitz [1] . On the way, we shall also give the following identity.
Theorem 1.2. Let n be a positive integer. Then
2. Proof of Theorem 1.1
Letting q → q −1 , we see that, the congruence (1.4), which is an equivalent form of (1.3), can be rewritten as
On the other hand, making substitutions a → q, b → −q, q → q 2 , and n → n − 1 in the following identity of Carlitz (see [1] 
,
It is clear that (q 2 ; q 2 ) k (q 2 ; q 2 ) n−k−1 is relatively prime to Φ n (q) for 0 k n − 1. Since n is odd, one sees that (q; q 2 ) n has the factor 1 − q n and is therefore divisible by Φ n (q). Moreover, by q n ≡ 1 (mod Φ n (q)), we have
for 0 k < (n−1)/2. This proves that the sum of the k-th and (n−k−1)-th terms on the right-hand side of (2.2) is congruent to 0 modulo Φ n (q) 2 for 0 k < (n − 1)/2. Namely, modulo Φ n (q) 2 , the identity (2.2) reduces to
Now, a special case of a q-analogue of Morley's congruence [6, (1.5)] due to Pan, gives
and from the q-Chu-Vandermonde summation formula, we can deduce that (see [3, 
Substituting the above two congruences into (2.3), we are led to (2.1).
Proof of Theorem 1.2
Introduce the following rational functions in q:
where we use the convention that 1/(q; q) m = 0 for any negative integer m. It is easy to check that the functions F (n, k) and G(n, k) form a q-WZ pair. Namely, they satisfy
Let m be a positive odd integer. Summing (3.1) over n from 0 to m − 1, we obtain
where we have used that
where we have used that F (n, k) = 0 for n < k because (q; q) n−k is in the denominator. Namely, the identity (1.5) is true for n = m.
Concluding remarks
For the following remarkable congruence of Sun and Tauraso [9, (1.9)]:
where · 3 is the Legendre symbol, the author and Zeng [4, Conjecture 3.8] offered two different q-analogues. Although we are unable to prove these two q-analogues, we shall give a more general form of [4, Conjecture 3.8] here (the first two congruences below) for further research. 
(mod Φ n (q) 2 ) if gcd(n, 3) = 1.
Any proof of the above three congruences will be very interesting.
